Abstract. This paper explores the relation between the structure of fibre bundles akin to those associated to a closed almost nonnegatively sectionally curved manifold and rational homotopy theory.
Introduction
A closed smooth manifold M m is said to be almost non-negatively (sectionally) curved (or ANSC ) if it admits a sequence of Riemannian metrics tg n u nPN whose sectional curvatures K gn and diameters diam gn satisfy K gn ě´1 n and diam gn ď 1 n .
This is equivalent to the more common definition of saying that, for each ǫ ą 0, there exists a metric g such that K g¨d iam 2 g ě´ǫ. ANSC manifolds generalize almost flat manifolds as well as manifolds with non-negative sectional curvature. Recently, in [16] two remarkable theorems were proved that link curvature with intrinsic homotopy structure.
Theorem 1. [16, Theorem A]
A closed ANSC manifold M has a finite cover x M that is a nilpotent space in the sense of homotopy theory.
Theorem 2. [16, Theorem C]
If M is a closed ANSC manifold, then there is a finite cover M that is the total space of a fiber bundle
where N " Kpπ, 1q is a nilmanifold and F is a simply connected closed manifold.
as of M .) This means that hypotheses we make about F below can equally well be viewed as hypotheses on the universal cover Ă M . Of course, π is an infinite (in fact, torsionfree nilpotent) group, so Ă M is non-compact. Therefore, it seems strange on the face of it that we have Ă M » F with F compact, but in fact, this is not so unusual. For instance, the universal cover of S 2ˆS1 is S 2ˆR while the fiber of S 2ˆS1 Ñ S 1 is the compact manifold S 2 of the same homotopy type as S 2ˆR .
This paper began as a general exploration of the homotopical properties of bundles of ANSC-type F Ñ M Ñ N , but evolved into a more focused attempt to understand the interrelationships between nilpotency, compactness of the fibre (with consequences and generalizations) and the rational homotopy structure of the bundle. Because we wish to use the tools of rational homotopy to investigate the structure of ANSC manifolds, we need to know that the bundle in Theorem 2 is of a particular type called quasi-nilpotent. Indeed, the authors of [16] never state that the space M is itself nilpotent and this is essential to apply rational homotopy theory here. Thus, our first order of business is to place Theorem 2 inside the rational world.
The First Reduction
To begin, let's recall the notion of nilpotent space.
2.1. Nilpotence. Definition 2.1. A space X is nilpotent if π 1 pXq is a nilpotent group and the standard action of π 1 pXq on each π j pXq for j ě 2 is a nilpotent action.
This requirement is equivalent to saying that π 1 pXq acts nilpotently on H˚p r Xq where r X is the universal cover of X, see [15] .
Remark 2.2. Let a group G act on a group H via g¨h. Form Γ 2 pHq " tpg¨hqh´1 | g P G, h P Hu and let Γ n pHq " Γ 2 pΓ n´1 pHqq. Then we have a sequence
If for some k, Γ k pHq " teu, then the G-action on H is said to be nilpotent.
Remark 2.3. If H is a group acting on itself by conjugation, then the action is nilpotent exactly when H is a nilpotent group. Note that the Γ i pHq's in this case form the lower central series of H.
Remark 2.4. A nilpotent action on a vector space V is what is usually called a unipotent action. That is, there is a finite sequence of subspaces
such that the action on each quotient V j {V j`1 is trivial. This is relevant for rational homotopy since the "fundamental group" acts on the rational vector spaces π j pXq b Q.
Recall that a nilmanifold N is a compact quotient of a nilpotent Lie group by a finitely generated torsionfree discrete subgroup: N " G{π. Since nilpotent Lie groups are diffeomorphic to Euclidean spaces, we see that N " Kpπ, 1q, so N is a nilpotent space. Now suppose M is ANSC with fundamental group π 1 pM q. From Theorem 1, because x M is nilpotent and a finite cover of M , we see that π 1 p x M q " p Γ is a finite index nilpotent subgroup of π 1 pM q which acts nilpotently on H˚p Ă M q. From Theorem 2, since F is simply connected, M is a finite cover and N is a nilmanifold, we see that π 1 pM q " π 1 pN q " Γ is a torsionfree nilpotent group of finite index in π 1 pM q. Let Γ " p Γ X Γ and note that Γ is torsionfree and acts nilpotently on H˚p Ă M q -H˚pF q (by Remark 1.2). Furthermore, since the intersection of finite index subgroups has finite index as well, we see that the indices obey rπ 1 pM q : Γs ă 8, r p Γ : Γs ă 8, rΓ : Γs ă 8 .
Finally, since Γ has finite index in Γ, it is a lattice in the nilpotent Lie group defining N " G{Γ too. Then the map q : N 1 " G{Γ Ñ G{Γ " N is a finite covering of order rΓ : Γs. Now consider the following pullback diagram.
Because q is a cover and p induces an isomorphism on fundamental groups, we see that r is a connected finite cover of the same order as q. Because p is a bundle map, we see that s is a bundle map with the same fibre F . But now Q has fundamental group Γ that acts nilpotently on H˚pF q -H˚p Ă M q. Thus Q is a nilpotent space. Therefore, (returning to the original notation) Theorem 2 can be replaced by Theorem 2.5. If M is a closed ANSC manifold, then there is an orientable finite cover M that is the total space of a fiber bundle
where M is a nilpotent space, N " Kpπ, 1q is a nilmanifold and F is a simply connected closed manifold (of generalized non-negative sectional curvature).
Remark 2.6. The orientability of the cover, which is not evident here, will be shown within the proof of Proposition 4.1.
We will see that this elementary reduction allows for an interesting classical corollary in addition to later rational consequences.
ANSC-type bundles.
The approach we take to understanding ANSCmanifolds is a blend of classical homotopy techniques and more modern rational homotopy methods. However, in order to use rational homotopy theory, certain requirements must be satisfied. In fact, for a fibre bundle F Ñ E p Ñ B to admit nice models in the sense of rational homotopy theory, the map p has to be quasi-nilpotent, meaning that π 1 pBq acts nilpotently on (either H˚pF ; Zq or) H˚pF ; Zq, and consequently on H˚pF ; Qq or H˚pF ; Rq. Before defining the main object of interest of this paper, let us make sure that we can apply rational homotopy theory to the kind of fibre bundle obtained from ANSC manifolds using Theorem 2.5.
As we noted above, N is a nilpotent space. It follows from [16] that M is a nilpotent space as well. Therefore, by [15, As anticipated, we will analyze ANSC-type bundles from the viewpoint of homotopy theory. In particular, we will use rational homotopy theory to derive a numerical relationship among the three constituent spaces F , M and N that leads to interesting Bochner-type results for ANSC-manifolds.
As an appetizer, here is a classical consequence of Theorem 2.5. Recall that, for a smooth closed 4k-manifold M , the signature σpM q is defined to be the signature of the symmetric bilinear form
given by Poincaré duality. The matrix of the form is symmetric and nondegenerate, so it can be diagonalized to a matrix with real eigenvalues. Then σpM q is the number of positive eigenvalues minus the number of negative eigenvalues. The signature is defined to be zero unless the manifold has dimension a multiple of 4. It is a standard fact that σpMˆN q " σpM q¨σpN q.
In [20] , the following more general multiplicative property of signature σ was proven.
Theorem 2.8. If F Ñ E Ñ B is a smooth quasi-nilpotent fibre bundle (over R) of coherently oriented smooth closed manifolds, then σpEq " σpBq¨σpF q .
As noted in [20] , this was known for bundles where the action was trivial and it was known not to hold in general. As for many results in topology, nilpotency is an adequate substitute for simplicity (i.e. trivial action). With Theorem 2.8 in mind, we have the following application of Theorem 2.5.
Corollary 2.9. If M is a compact ANSC manifold with infinite fundamental group, then σpM q " 0.
Proof. By Theorem 2.5, M has a finite cover M which is nilpotent and sits as the total space in a smooth bundle F Ñ M Ñ N where F is a simply connected closed manifold and N is a nilmanifold. By the discussion above, this bundle is quasi-nilpotent, so σpM q " σpN q¨σpF q. But since N is a nilmanifold, it is parallelizable. Hence its Stiefel-Whitney classes and Pontryagin classes vanish. By a classical theorem of Wall, this means that N bounds an orientable manifold. Hence, its signature σpN q vanishes. Thus, σpM q " 0. Now, M is a finite cover of M (of order k say), so σpM q " k σpM q showing that σpM q " 0 as well. Now, let's see how Theorem 2.5 can be used rationally to constrain M . To begin, we need to recall some facts about rational homotopy theory.
Rational Homotopy Structure
The reader is referred to [10, 11] , [12, Chapters 2 and 3] for details and proofs of the statements that follow.
A commutative graded algebra (cga) over a field of characteristic zero k, A, is called free graded commutative if A is the quotient of T V , the tensor algebra on the graded vector space V , by the bilateral ideal generated by the elements a b b´p´1q |a|¨|b| b b a, where a and b are homogeneous elements of A. As an algebra, A is the tensor product of the symmetric algebra on V even with the exterior algebra on V odd :
We denote the free commutative graded algebra on the graded vector space V by ΛV . Note that this notation refers to a free commutative graded algebra and not necessarily to an exterior algebra alone. We usually write ΛV " Λpx i q, where x i is a homogeneous basis of V . Clearly the cohomology of a cdga is a commutative graded algebra. A morphism of cdga's inducing an isomorphism in cohomology will be called a quasi-isomorphism. A Sullivan cdga is a cdga pΛV, dq whose underlying algebra is free commutative, with V " t V n u, n ě 1, and such that V admits a basis x α indexed by a wellordered set such that dpx α q P Λpx β q βăα .
3.1. Minimal models. A (Sullivan) minimal cdga is a Sullivan cdga pΛV, dq satisfying the additional property that dpV q Ă Λ ě2 V . Minimal cdga's play an important role because they are tractable models for "all" other cdga's.
(For the path-connected non-simply-connected case of the following result, see [14, Chapter 6] .) Theorem 3.1 (Existence and Uniqueness of the Minimal Model). Let pA, dq be a cdga over k satisfying H 0 pA, dq " k, where k is R or Q and dimpH p pA, dqq ă 8 for all p. Then, (1) There is a quasi-isomorphism ϕ : pΛV, dq Ñ pA, dq, where pΛV, dq is a minimal cdga. (2) The minimal cdga pΛV, dq is unique in the following sense: If pΛW, dq is a minimal cdga and ψ : pΛW, dq Ñ pA, dq is a quasi-isomorphism, then there is an isomorphism f : pΛV, dq Ñ pΛW, dq such that ψ˝f is homotopic (see [10] ) to ϕ. The cdga pΛV, dq is then called the minimal model of pA, dq.
The connection between this type of algebra and topology is via the de Rham cdga of differential forms on the manifold M , pΩpM q, dq, when k is R and Sullivan's rational polynomial forms on M , pA P L pM q, dq, when k is Q. Note that we have the de Rham theorems:
H˚pΩpM q, dq -H˚pM ; Rq and H˚pA P L pM q, dq -H˚pM ; Qq where the right side of each isomorphism denotes singular cohomology. Applying Theorem 3.1 to these cdga's produces a minimal model of the space M denoted by ϕ : M M " pΛV, dq Ñ A, where we let A stand for either the de Rham or Sullivan algebras. We shall not distinguish the minimal models depending on the field because the context will always be clear. The minimal model thus provides a special type of cdga associated to a space. Note that the condition H 0 pA, dq " k in Theorem 3.1 means that any path-connected space has a minimal model (but the model may not accurately reflect homotopy properties of the space when the space is not nilpotent). There are several key facts that make minimal cdga's an important tool. Say that the spaces X and Y have the same rational homotopy type, denoted X » Q Y , if there is a finite chain of maps X Ñ Y 1 Ð Y 2 Ñ¨¨¨Ñ Y such that each induced map in rational cohomology is an isomorphism. The second statement follows from the existence of spatial rationalizations X Q coming from homotopical localization theory. In general, these do not exist for non-nilpotent spaces. Except for the existence of a localization, everything we have said applies to models over R as well. Example 3.4. Let T n denote the n-torus. The cohomology H˚pT n ; Qq " Λpx 1 , . . . , x n q is an exterior algebra on n generators in degree one, so is free as an algebra. Then, denoting Sullivan or de Rham forms by A, we can define a cdga homomorphism ϕ : H˚pT n ; Qq Ñ A by simply assigning x j to any cocycle in A representing x j P H˚pA, dq -H˚pT n ; Qq. Because ϕ induces an isomorphism on cohomology and H˚pT n ; Qq is free as an algebra, we see that H˚pT n ; Qq itself is the minimal model of T n .
Example 3.5 (See [12] ). To any nilmanifold N " Kpπ, 1q, we can associate a rational nilpotent Lie algebra g with the property that there exists a basis in g, tX 1 , . . . , X n u, such that the structure constants tc k ij u arising in brackets
are rational numbers for all i, j, k. In fact, corresponding to g, there is an ndimensional, simply connected nilpotent Lie group G which admits a discrete co-compact subgroup π so that N " G{π is a compact nilmanifold. Let g have basis tX 1 , . . . , X n u; the dual of g, g˚, has basis tv 1 , . . . , v n u and there is a differential d on the exterior algebra Λg˚given by defining it to be dual to the bracket on degree 1 elements,
and then extending d to be a graded derivation. Now using (1), duality gives
and the differential on generators has the form
We note that the Jacobi identity in the Lie algebra is equivalent to the condition d 2 " 0. Therefore, we obtain a commutative differential graded algebra (or cdga) pΛg˚, dq associated to the Lie algebra g. The fundamental result here is the following. Theorem 3.6. If N " G{π is a nilmanifold, then the cdga pΛg˚, dq associated to g is a minimal model for N and, thus, computes all of the rational homotopy information about N . Remark 3.7. In the theory of Lie algebras, the cdga pΛg˚, dq is known as Chevalley-Eilenberg complex of g. Now, the minimal model of N has the form
where the nilpotency of n converts by duality into the condition that the differential on v j is a polynomial in v k with k ă j having no linear terms. In fact, this can be refined to say that the generators are added in stages and the generators in the j th stage have differentials that are polynomials in the generators of stages 1 through j´1. In particular, because g is nilpotent, there is a non-trivial complement to rg, gs Ă g which is isomorphic to g{rg, gs -H 1 pN ; Qq. Duality then says that there is some k with 2 ď k ď k such that dv i " 0 for i ď k. The minimal model M N is an exterior algebra so, since degreepv j q " 1 for 1 ď j ď n, the top degree of a non-zero element is n and a vector space generator is v 1¨v2¨¨¨vn . This element is obviously a cocycle, so H n pN ; Qq " Q; thus, N is orientable and has dimension n. From the discussion above, we also see that b 1 pN q ď dimpN q. In fact, by the discussion above and the following lemma, if b 1 pN q " dimpN q, then N is diffeomorphic to a torus of rank b 1 pN q.
Lemma 3.8. If a nilmanifold N has the rational homotopy type of a torus, then it is diffeomorphic to a torus.
Proof. The hypothesis says that the homotopical localization map has the form φ : N Ñ N Q » Q T k . But on the fundamental group level, the kernel of rationalization consists of torsion. Because π 1 pN q is torsion free, φ˚is injective. But then π 1 pN q must be a finitely generated torsionfree abelian group, hence N has the homotopy type of a torus of rank b 1 pN q. Mostow rigidity then says that N is diffeomorphic to such a torus.
Remark 3.9. It turns out that a nilmanifold is formal if and only if it has the same rational homotopy type of (hence it is diffeomorphic to) a torus.
One important use of minimal models is that they allow the construction of new (rational homotopy) invariants or, in some cases, new descriptions of familiar invariants. One such invariant is the following, the Toomer invariant, which may be defined in terms of the Milnor-Moore spectral sequence classically, i.e., without using minimal models (see [10] ).
Let X be a nilpotent space with minimal model pΛW, dq and denote by ρ s the projection ρ s : ΛW Ñ ΛW Λ ąs W where Λ ąs W signifies all the words in generators W of length greater than s.
Definition 3.10. The Toomer invariant e 0 pXq is the largest k such that the projection ρ k´1 is not injective on cohomology. Equivalently, e 0 pXq is the smallest k such that ρ k is injective on cohomology. Similarly, for a class τ P H˚pX; Qq, e 0 pτ q is the largest k such that ρk´1pτ q " 0 or the smallest k such that ρkpτ q " 0.
Note that, for a space with finite dimensional rational cohomology, eventually the word length exceeds the top degree with non-zero cohomology, so for some k, ρ k is injective on cohomology. We have the following result that allows us to compute e 0 in many cases. For some spaces X -notably when X is a formal space (Definition 3.3) -we have e 0 pXq " cup Q pXq, which is the rational cup-length of X. Namely, cup Q pXq is the longest non-zero product of elements in H˚pX; Qq. But generally, e 0 pXq is a finer invariant than cup Q pXq, and the inequality cup Q pXq ď e 0 pXq is often strict. This is the case for most nilmanifolds: the only way in which we can have cup Q pN q " dimpN q, for N a nilmanifold, is if we have b 1 pN q " dimpN q, and from Lemma 3.8 and the discussion preceding it, this corresponds to the case in which N is rationally (actually up to diffeomorphism) a torus. For e 0 pN q, however, we have the following result.
Corollary 3.12. If N is a nilmanifold, then e 0 pN q " dimpN q.
Proof. The minimal model of N " G{π is given by pΛg˚, dq with g˚" xv 1 , . . . , v n y and each v j of degree one. Because Λg˚is an exterior algebra on the n generators v j , the longest word in ΛV is given by c " v 1 v 2¨¨¨vn P pΛg˚q n . Automatically then, this element c is a cocycle. It is not a coboundary because N is an orientable closed manifold of dimension the rank of the nilpotent fundamental group; that is, n. Hence, c uniquely represents the top class of H˚pN ; Qq. By Proposition 3.11, we only need to know e 0 prcsq to determine e 0 pN q. If k ă n, then clearly ρkprcsq " 0 since words of length n ą k are killed. On the other hand, ρnprcsq " 0 since only words of length longer than n are killed. Thus, e 0 prcsq " n.
There is one important class of spaces whose cohomology obeys Poincaré duality. These are the (rationally) elliptic spaces. A space X is elliptic if both dimpH˚pX; Qqq ă 8 and dimpπ˚pXq b Qq ă 8. Homogeneous spaces are prime examples of elliptic spaces. It turns out that elliptic spaces only come in two forms: either we have Euler characteristic χ " 0, or we have χ ą 0 (see [10, Ch.32 ] for this and other facts about elliptic spaces). If χpXq ą 0, then X is called an F 0 -space and is constrained by the facts that the minimal model has the form pΛpV even ' V odd q, dq, with dpV even q " 0, dpV odd q Ă Λ ě2 pV even q, and H˚pX; Qq is given by a polynomial algebra on even degree generators modulo an ideal generated by a regular sequence.
Relative models.
There is a relative notion of model for fibrations. The algebraic basis for constructing such models is as follows.
Definition 3.13. A relative minimal cdga is a morphism of cdga's of the form i : pA, d A q Ñ pA b ΛV, dq , where ipaq " a, d |A " d A , dpV q Ă pA`bΛV q'Λ ě2 V , and such that V admits a basis px α q indexed by a well-ordered set such that dpx α q P A b pΛpx ββăα .
When pA, d A q is a Sullivan cdga, we have pA, d A q " pΛZ, dq. Clearly, a relative minimal cdga pAbΛV, dq " pΛpZ 'V q, dq is also a Sullivan cdga, but the cdga pΛpZ ' V q, dq is not necessarily a minimal cdga, even if pΛZ, dq is a minimal cdga. Relative Sullivan cdga's are in some sense the generic models for morphisms of cdga's. We make the role of relative minimal models precise in the following theorem (see [10, Section 14] ).
Theorem 3.14 (Relative version of Theorem 3.1). Let f : pA, dq Ñ pB, dq be a morphism of cdga's. We then have a commutative diagram
where i is a relative minimal cdga and g is a quasi-isomorphism. This property characterizes pA b ΛV, dq up to isomorphism.
Under the conditions of Theorem 3.14, the map i is called the relative minimal model of f . Let's see now how this applies to fibrations. Recall from Subsection 2.2 that a fibration
We form the following commutative diagram
Here the morphism ϕ : pΛV, dq Ñ A P L pBq is the minimal model of B, ψ is a quasi-isomorphism and pΛV, dq Ñ pΛV b ΛW, dq is a relative minimal cdga. The cdga pΛW,dq is the quotient cdga pΛV b ΛW, dq{pΛ`pV q b ΛW q and the map ρ is the quotient map. The mapψ is induced by the commutativity of the left-hand square of the diagram. There is one important example to keep in mind.
Example 3.16. Suppose X is a nilpotent space. That is, π 1 pXq " π is a nilpotent group and π acts nilpotently on the higher homotopy π ě2 pXq. Consider the fibration r X Ñ X Ñ Kpπ, 1q that classifies the universal cover r X. By the discussion in Subsection 2.2, we see that this fibration is quasinilpotent. By Theorem 3.15 (noting that the H 1 ppq hypothesis is satisfied because π 1 pXq " π), there is a relative model of the form
where pΛV, d V q is a model for Kpπ, 1q and pΛW, d W q is a model for r X. By the general form of relative models, the differential D has the form (for v P V , χ P ΛW and tv 1 , . . . , v k u a basis for V )
for χ P ΛW , with χ 2 P Λ ě2 V b ΛW . We may use this to define linear maps θ i of ΛW for each i. Notice that since r X is simply connected, D has no linear part and pΛV b ΛW, Dq is actually the minimal model of X. Now a standard calculation shows that each θ i is a degree-zero derivation of ΛW that satisfies θ i˝dW " d W˝θi : Since D satisfies the Leibniz rule, we may equate like terms in Dpχχ 1 q " Dpχqχ 1`p´1 q |χ| χDpχ 1 q to show that θ i is a derivation; we may expand out D`Dpχq˘" 0 and equate like terms to show that θ i˝dW " d W˝θi . This is the fundamental structure of the ANSC-type models we shall consider below.
4. The Second Reduction: Rational Homotopy and ANSC 4.1. Inequalities for ANSC bundles. We work in slightly greater generality than ANSC-bundles. Here we allow the fibre of a fibration to be a simply connected Poincaré duality space over Q. Recall that this means that H˚pF ; Qq obeys Poincaré duality with respect to a top class rµs P H dim F pF ; Qq -Q. From the discussion in Subsection 2.2, we see that ANSC bundles satisfy the hypotheses of Proposition 4.1 below. This result is a particular case of a general result about rational category due to Jessup (see [11, Theorem 9.6] , or [11, Proposition 9.7] , for the non-simply-connected version). Since we only deal with our particular type of structure, we are able to give a direct proof, that avoids much of the technical background used for the proof of [11, Theorem 9.6] and also draws out the connections between the ANSC structure and rational invariants. Proof. Let n be the dimension of N . Then the minimal model of N is an exterior algebra pΛV, d V q with V an n-dimensional vector space generated in degree 1, V " xv 1 , . . . , v n y, and d V : V Ñ Λ 2 V . Let pΛW, d W q be the minimal model of the fiber. Since the fibration is quasi-nilpotent, there is a relative model for the projection p:
where D " d V on ΛV Ă ΛV b ΛW and we may write
as in Example 3.16. As pointed out there, each θ i is a degree-zero derivation that satisfies θ i˝dW " d W˝θi and thus induces a derivation θi on H˚pΛW q " H˚pF ; Qq. Moreover, θi is a nilpotent derivation, since we are dealing with a KS-model. If m is the cohomological dimension of F , it follows from Poincaré duality that dimH m pF ; Qq " 1, hence H m pΛW q " xrµsy for some cocycle µ P pΛW q m , and θ i prµsq " 0 by nilpotency.
Now, consider the element v 1¨¨¨vn µ P pΛV b ΛW q n`m . It is a cocycle, hence defines a cohomology class rv 1¨¨¨vn µs P H m`n pE; Qq. We shall prove that it is nonzero. By Proposition 3.11, since v 1¨¨¨vn µ P Λ ěn`r pV ' W q, this is enough to guarantee that e 0 pEq ě e 0 pF q`dimpN q. In the notation of Theorem 2.5 and Remark 2.6, note that we are proving here that the total space of the bundle F Ñ M Ñ N has a rational top class and, hence, is orientable.
Next, we proceed to show that rv 1¨¨¨vn µs ‰ 0. To do so, we first suppose that v 1¨¨¨vn µ " Dpη n q, with η n P Λ n V b ΛW ; hence η n " v 1¨¨¨vn τ for some τ P ΛW . Since v 1¨¨¨vn represents the fundamental class of N and D coincides with d V on ΛV , Dpv 1¨¨¨vn q " 0, hence, in view of (2),
But this implies that µ " d W τ , which contradicts the assumption that rµs is a fundamental class in H m pΛW q. Next, suppose n ě 2 and v 1¨¨¨vn µ " Dpη 0`¨¨¨`ηn´1`ηn q, with
Of all the terms coming from Dpη 0`¨¨¨`ηn´1`ηn q, d W η 0 is the only one in ΛW , hence it must be zero, since Dpη 0`¨¨¨`ηn´1`ηn q " v 1¨¨¨vn µ. This means that η 0 is a d W -cocycle of degree n`m´1 ą m, hence it must be exact, η 0 " d W α 0 ; now, by (2),
where
n q , and we can get rid of the degree 0 term. We can play the same trick to remove the η i term as long as n`m´1´i ą m, which holds for i ă n´1. For n ě 2, then, if v 1¨¨¨vn µ is to be a boundary, then we must have Dpη n´1`ηn q " v 1¨¨¨vn µ. Of course, if n " 1 and v 1 µ is to be a boundary, then we must have Dpη 0`η1 q " v 1 µ.
Thus, the last case to discuss is Dpη n´1`ηn q " v 1¨¨¨vn µ, for n ě 1. We may write η n´1 "
and infer from this that d W β i vanishes for i " 1, . . . , n. Each β i defines a cohomology class rβ i s P H m pΛW q " xrµsy. This implies that θ i pβ i q " d W γ i , since θi prµsq " 0. Hence
which would again imply the exactness of µ. So v 1¨¨¨vn µ is not a boundary, and the result follows.
Geometric consequences: Bochner-like theorems.
In this subsection, we will make use of the notion of Lusternik-Schnirelmann category for a space X. LS category catpXq is a homotopy invariant defined as the least integer k such that there exists an open cover of X, U 0 , . . . , U k with the property that the inclusion of each U j in X is nullhomotopic. The only facts that we shall need are the following: (1) catpXq ď dimpXq; (2) e 0 pXq ď catpXq; (3) if X Ñ X is a covering map, then catpXq ď catpXq. These standard facts may be found in [8] . Now we can state a simple consequence of Proposition 4.1. Theorem 4.2. Let M be a compact manifold with almost nonnegative sectional curvature and let M Ñ M be a finite covering with associated ANSCbundle
where Ă M is the universal cover of M .
Proof. By Theorem 2.5 M is nilpotent and p is quasi-nilpotent, so we can then apply Proposition 4.1 to obtain e 0 pM q ě e 0 pF q`dimpN q .
By the properties of category listed above and the fact that F Ñ M Ñ N is equivalent to the universal cover fibration with F » Ă M , we have catpM q ě catpM q ě e 0 pM q ě e 0 pF q`dimpN q " e 0 p Ă M q`dimpN q .
Although Theorem 4.2 follows immediately from Proposition 4.1, it is a powerful constraint on the structure of M . Here is a more intrinsic form of the inequality under an extra hypothesis. Corollary 4.3. Let M be a compact manifold with almost nonnegative sectional curvature and assume that π 1 pM q is torsion-free. Then the cohomological dimension cdpπ 1 pMof π 1 pM q is finite, and catpM q ě e 0 p Ă M q`cdpπ 1 pM.
Proof. If a torsion-free group G has a finite index subgroup H of finite cohomological dimension, then, by a result of Serre [3, Chapter VIII, Theorem 3.1], G itself has finite cohomological dimension, and cdpGq " cdpHq. By [16, Theorem C] π 1 pM q has a finite index subgroup which is finitely generated, torsion-free and nilpotent. The cohomological dimension of such a group is precisely the dimension of the associated nilmanifold, and the conclusion then follows from Theorem 4.2.
Recall that Bochner's Theorem states that a compact manifold M with non-negative Ricci curvature obeys a Betti number condition: b 1 pM q ď dimpM q. This type of inequality was refined in [18] (also see [19] ) with dimpM q being replaced by catpM q. Here we have sharper information which is a topological analogue of Yamaguchi's theorem [23] .
Corollary 4.4. Let M be a compact manifold with almost nonnegative sectional curvature and assume that b 1 pM q " catpM q. Then M is homeomorphic to the torus T b 1 pM q .
Proof. Set b 1 pM q " n and let F Ñ M Ñ N be the fiber bundle structure of the finite covering M Ñ M . Notice that b 1 pN q " b 1 pM q ě b 1 pM q " n since F is simply connected and M finitely covers M . For a nilmanifold one always has dimpN q ě b 1 pN q by the discussion within Example 3.5, so by Theorem 4.2,
The hypothesis then implies that e 0 p Ă M q " 0. But this means that Ă M is contractible since Ă M » F and F is an orientable closed manifold with non-zero top class in H˚pF ; Qq. If Ă M is contractible, then M is a Kpπ, 1q. Moreover, the above equalities also imply that b 1 pN q " dimpN q. By Lemma 3.8, this can only happen if N is diffeomorphic to a torus T b 1 pN q . We then have a finite covering T b 1 pN q Ñ M which gives an injection Z n ãÑ π, hence n " b 1 pN q " b 1 pM q " b 1 pπq. By lemma 4.6 below, π -Z n , hence M is homeomorphic to a torus.
Remark 4.5. If we somehow knew that M was a nilmanifold above, then we could infer that M must be diffeomorphic to a torus. Alternatively, we could follow Yamaguchi's rather complicated surgery approach in [23] to obtain the stronger result. Proof. Note first that the transfer map for finite coverings implies that H˚pΓ; Qq Ñ H˚pπ; Qq is surjective. In particular, we have a surjection on rationalized abelianizations,
But b 1 pΓq " b 1 pπq, and a surjection of rational vector spaces of the same dimension is an isomorphism, so Q m -Γ ab b Q -π ab b Q. We have the following commutative diagram.
Note that, because the bottom row is an isomorphism, i ab is an injection. We claim that Kerppq " 0, so p is an isomorphism (since it is a surjection by definition). Suppose x P π and ppxq " 0. Now, Γ has finite index in π and if x s Γ " x t Γ (for s ą t say), then x s´t P Γ, so there exists some r P N such that x r P Γ. But then we have the contradiction 0 " i ab px r q " ppipx r" 0 .
Therefore, x r " e, where e is the identity of π. But π is torsionfree, so r " 0 and x " e. Hence p is injective and p : π Ñ π ab is an isomorphism. Therefore, π is a finitely generated torsionfree abelian group; hence π -Z m (since b 1 pπq " m).
Here is another Bochner-like result about the fundamental group that uses a weaker hypothesis than Corollary 4.4.
Corollary 4.7. Let M be a compact manifold with almost nonnegative sectional curvature and assume that b 1 pM q`e 0 p Ă M q " catpM q. Then in the associated ANSC bundle F Ñ M Ñ N , we have:
(1) N is a torus of rank b 1 pM q and (2) π 1 pM q is free abelian.
Proof. Suppose b 1 pM q`e 0 p Ă M q " catpM q. From the string of inequalities
we again see that b 1 pM q " b 1 pN q " dimpN q. Even though Ă M may not be contractible, we can still conclude from Lemma 3.8 that N is a torus with free abelian fundamental group of rank b 1 pN q " b 1 pM q. But then, by Lemma 4.6, we again infer that π 1 pM q is free abelian of the same rank.
The results above can also be useful in computing the LS category of ANSC-manifolds. Consider the following example.
Example 4.8. Take the Hopf bundle S 3 Ñ S 7 Ñ S 4 and mod out by the compatible principal S 1 -actions on fibre and total space to obtain a bundle S 2 Ñ CP 3 Ñ S 4 with structure group SOp3q which preserves the round metric on S 2 . The relative model for this bundle is given by
where the linear term w 4 in the last differential expresses the fact that the connecting homomorphism in the exact homotopy sequence is non-trivial for π 4 pS 4 q Ñ π 3 pS 2 q. Let KT denote the Kodaira-Thurston nilmanifold with minimal model pΛpu 1 , u 2 , u 3 , u 4 q, dq with dpu 1 q " dpu 2 q " dpu 4 q " 0 and dpu 3 q " u 1 u 2 . (We choose this ordering to display the fact that the KodairaThurston manifold is a product of the 3-dimensional Heisenberg nilmanifold and a circle.) Since KT is 4-dimensional, there is a degree one map φ : KT Ñ S 4 which on models is given by Φ : pΛpw 4 , w 7 q, d W q Ñ pΛpu 1 , u 2 , u 3 , u 4 q, dq; w 4 Þ Ñ u 1 u 2 u 3 u 4 , w 7 Þ Ñ 0. Now pull back the bundle over KT Ñ S 4 to obtain a bundle S 2 Ñ X Ñ KT with model
Note that by [13] , X is ANSC. The form of the model is determined by the pullback; namely, the differentialD is given by taking D and replacing all instances of generators w i by their images under Φ. It is then easy to see that the 6-dimensional top class of H˚pX; Qq is represented by either v 3 2 or v 2 u 1 u 2 u 3 u 4 withDpv 2 v 3 q " v 3 2´v 2 u 1 u 2 u 3 u 4 identifying the classes in cohomology. These expressions then say that e 0 pXq " 5. Clearly we have e 0 pKT q " 4 and e 0 pS 2 q " 1. so 6 " dimpXq ě catpXq ě e 0 pXq " e 0 pKT q`e 0 pS 2 q " 5 .
If catpXq " dimpXq, then an old theorem of Berstein (see for instance [8, Proposition 2.51]) says that, for some π 1 pXq-module A, there is an element α P H 1 pπ 1 pXq; Aq -H 1 pπ 1 pKT q; Aq with non-zero cup product α 6 P H 6 pπ 1 pKT q; b 6 Aq. But this contradicts the fact that dimpKT q " 4 " cdpπ 1 pKT(where cd denotes cohomological dimension). Hence, we learn that catpXq " 5.
4.3.
Non-negative Ricci curvature. In [18] , Bochner's estimate b 1 pM q ď dimpM q for a non-negatively Ricci curved manifold M was refined, using the following consequence of the Cheeger-Gromoll Splitting Theorem [6] , to b 1 pM q ď catpM q .
Theorem 4.9 (Cheeger-Gromoll Splitting). If M is a compact manifold with non-negative Ricci curvature, then there is a finite cover M of M with a diffeomorphic splitting M -T rˆF . Further, F is simply connected and T r is flat.
In fact, while the new estimate was as stated above to mimic Bochner, the proof showed that
Now we see however that the product splitting is an example of an ANSCtype bundle -namely, the trivial one, F Ñ M Ñ T r . Therefore, the estimate of Theorem 4.2 holds in this situation as well. Moreover, for rational coefficients, we have the general fact that cup Q pF q ď e 0 pF q, so we have the following refinement. Cohomogeneity one manifolds are a main source of ANSC-manifolds ( [21] ). These are the compact manifolds equipped with a compact Lie group action where the principal orbits are all of codimension one. It is also true that every cohomogeneity one manifold has a metric of non-negative Ricci curvature, so in this case we see the connection. However, we are unaware of a general result relating ANSC to non-negative Ricci curvature. We also mention that in [4] , a Cheeger-Gromoll-type splitting is proven for compact manifolds with almost non-negative Ricci curvature which also satisfy a certain lower bound on injectivity radius, so the estimate above holds in that case as well. This should also be compared with the result of Colding [7] that a compact manifold M n of almost non-negative Ricci curvature with b 1 pM q " n is homeomorphic to a torus T n .
The Third Reduction: Constraints on the Action and Fibre
In [21] , W. Tuschmann lists several interesting conjectures about ANSCmanifolds. Here we will see that rational models have something to say in this regard. We first consider the following.
Conjecture 5.1 (Conjecture 6.5 [21] ). If M is ANSC, then there exists a finite index subgroup of π 1 pM q that acts trivially on π 2 pM q.
The action of π 1 pM q on any π q pM q is detected by Whitehead products. Explicitly, if α¨β denotes the action of α P π 1 pM q on β P π q pM q, then rα, βs " α¨β´β where rα, βs is the Whitehead product of α and β. The important thing for us is that Whitehead products are detected in rational homotopy by the quadratic parts of the differential. Hence, at least rationally, we can see the action in the differential of the model.
Fibrations without action. Consider a fibration of ANSC-type
Let's make several observations about the action of π 1 pN q " π 1 pM q " π on π j pM q " π j pF q for j ě 2. We know of course that F is simply connected, but its connectivity may be higher. Assume F is pk´1q-connected. Therefore, π j pM q " 0 for 1 ă j ď k´1 and we have an exact sequence
where h is the Hurewicz homomorphism. For the last part, see [22, Theorem 7.9] . Also, if α P π and ξ P π k pM q, then hpξ´α¨ξq " 0 since ξ and α¨ξ are freely homotopic. Thus we have the simple observation Lemma 5.2. If h is injective, then the action of π on H k pF q is trivial.
Of course, if h : H k pF q Ñ H k pM q is injective, thenĥ : H k pM ; Qq Ñ H k pF ; Qq is surjective. The following result relates the two consequences above directly.
Ñ N is an ANSC-type fibration with pp˚q k`1 : H k`1 pN ; Qq Ñ H k`1 pM ; Qq injective and π j pF q " 0 for j ď k´1. If the action of π 1 pN q on π k pF q b Q " H k pF ; Qq is trivial, then i˚: H k pM ; Qq Ñ H k pF ; Qq is surjective. Moreover, if H˚pF ; Qq is generated in degree k, then the fibration F Let w P W k -π k pF q b Q " H k pF ; Qq be ad-cocycle. Then, because π 1 pN q acts trivially on H k pF ; Qq, we have
where |I| " k`1 and the v I are products of k`1 generators of V 1 . (Note that the triviality of the action is displayed by the differential having no quadratic terms.) The facts that Dx " dx for any x P ΛV and D 2 " 0 then imply that τ is a d-cocycle. If τ were not a coboundary, then this would contradict the injectivity of H k`1 pN ; Qq in H k`1 pM ; Qq, so we must have dσ " τ for some σ P pΛV q k . But then the element w´σ is a D-cocycle that maps to w P ΛW . Since, w was an arbitrary element of H k pF ; Qq, we see that i˚is surjective.
Remark 5.4. We have stated the result above for ANSC-type fibrations because that is our focus. An examination of either proof, however, shows that the base being a nilmanifold plays no role. Therefore, N may be replaced above by any base space B such that π 1 pBq acts trivially on H˚pF ; Qq and p˚is injective. If, for instance, χpF q " 0, then the transfer of [5] shows that p˚is injective, so this is one case where the injectivity hypothesis holds.
Example 5.5. The flag manifold G{T , where T is the maximal torus of the compact Lie group G, has non-negative sectional curvature and H˚pG{T ; Qq generated in degree 2. Therefore, if G{T arises as the fibre F in some ANSCtype fibration F Ñ M Ñ N , then a trivial action of π 1 pN q on H 2 pG{T ; Qq is detected in cohomology by the fibration being TNCZ.
Fibrations with action.
A mix of classical and rational homotopy theory can sometimes identify non-trivial actions. The following result is an example of this in the context of ANSC manifolds. Ñ N be an ANSC-type fibration with π j pF q " 0 for j ď k´1. Suppose that non-zero a P H 1 pN ; Qq and ω P H k pF ; Qq obey p˚a Yω " 0 where i˚pωq " ω. Then the action of π 1 pN q on π k pF q " H k pF q is nontrivial.
Proof. First, we can take multiples of a and ω so that they are integral. We therefore assume this. Now note that the condition i˚pωq " ω is equivalent to saying thatω| Imphq " 0, whereω P H k pM q Ñ HompH k pM ; Zq, Zq is considered dual to homology and operating on the image of Hurewicz in H k pM ; Zq. So now take γ P π k pF q " H k pF q such thatωphpγqq ‰ and α P π 1 pN q " π 1 pM q such that p˚aphpαqq ‰ 0. So we are now thinking of α P π 1 pM q and γ P π k pM q.
As we mentioned in Subsection 5.1 the deviation of the action α¨γ from being trivial is detected by the Whitehead product. Thus, to show that the action of π 1 pN q " π 1 pM q on π k pM q " H k pF q is nontrivial, it is sufficient to show that the Whitehead product rα, γs is nonzero. The cohomology classes p˚a andω give a map p˚aˆω : M Ñ KpZ, 1qˆKpZ, kq which, composed with ι 1 Y ι 2 : KpZ, 1qˆKpZ, kq Ñ KpZ, k`1q yields
Here, ι j is the fundamental cohomology class of KpZ, jq. The equality p˚a Ỹ ω " 0 then shows that there is a lifting φ in the following diagram (where the right square is a pullback).
Now, the minimal model of E is apparent: M E " pΛpx, y, zq, dq with |x| " 1, |y| " k, |z| " k and the only non-zero differential is dz " xy. The quadratic part of the differential, d 1 , corresponds to the Whitehead product, up to sign so we see that the Whitehead product in π k pEq b Q is nonzero, rι 1 ,ι 2 s b Q " 0, whereι 1 P π 1 pKpZ, 1qq andι 2 P π 2 pKpZ, 2qq are the generators of the respective homotopy groups. But then any integral multiple of rι 1 ,ι 2 s is also non-zero as well. Now, since p˚aphpαqq ‰ 0 andωphpγqq ‰ 0, the lift φ can be used to push the Whitehead product rα, γs P π k pM q forward to an integral multiple of rι 1 ,ι 2 s. Since the latter is nontrivial, so is the former and we are done. Dpw 3 q " v 1 v 2`x w 1 . Then the action of π 1 pM q " Z on π 2 pM q -as reflected in the differential Dpv 2 q " xv 1 -is nilpotent but not trivial. We also see this from Proposition 5.6 since x Y v 1 " 0 (in cohomology) and v 1 is also a non-zero class in H˚pF ; Qq. Note that we do not have a surjection H˚pM ; Qq Ñ H˚pF ; Qq since v 2 gives a non-zero class in H˚pF ; Qq.
This example can be made "geometric" by realizing the model sequence
as a fibration F Ñ M Ñ S 1 , then adjusting the map M Ñ S 1 to be smooth and finally adjusting the pullback of the 1-form on S 1 to get a submersion. This results in a mapping torus fibre bundle with the same rational homotopy characteristics as the model sequence. Now, rationally, the model of F may be displayed as a KS-extension
Thus, pΛpv 1 , v 2 , w 1 , w 2 q, dq a model for S 2ˆS2 and, up to rational homotopy, F may be viewed as the principal S 3 -bundle over S 2ˆS2 induced from the Hopf bundle S 3 Ñ S 7 Ñ S 4 by the top class map S 2ˆS2 Ñ S 4 . Note that this is the simplest simply connected non-formal manifold. Also note that the total space M and fibre F are elliptic spaces. Finally note that we have p˚injective even though χpF q " 0. (A general explanation for this is that a more general type of transfer exists. For a fibration F Ñ E Ñ B with compact fibre F , if there exists a map f : E Ñ E over B and the Lefschetz number Lpf q ‰ 0, wheref : F Ñ F is the restriction of f , then a transfer map τ : H˚pM ; Qq Ñ H˚pF ; Qq is defined such that τ p˚is multiplication by Lpf q. Here, we can define a self-map of M at the model level by φpxq " 0, φpv j q " av j , φpw j q " a 2 w j . The Lefschetz number of the restricted map on F is easily seen to be Lpf q " 1`2a´2a 3´a4 and choosing a appropriately gives something non-zero.)
There is a whole family of examples like this one, obtained by adjusting the number and dimensions of the even spheres from which F is constructed, as well as by "truncating" with higher-degree odd generators. For instance, we have the following variation.
in which |x| " 1, |v i | " 2, and |w j | " 5, with differentials
Again, here, we have that M is elliptic and χpF q " 0. There is an evident pattern present in these examples.
These examples confirm the phenomenon that a non-trivial action in degree-two entails a non-trivial action on (or, more generally, non-trivial involvement of x in differentials of) higher-degrees if M is finite dimensional. More generally, a non-trivial action in any even degree will entail similar constraints.
5.3.
The case in which F is elliptic with positive Euler characteristic. Long ago, R. Bott conjectured that closed manifolds with non-negative sectional curvature are elliptic (see [12] for example). This was extended in [21, Conjecture 6.1] to manifolds which are almost non-negatively curved in the generalized sense. Also, Hopf conjectured that a positively curved manifold has positive Euler characteristic. If these conjectures are true, then it is possible that in an ANSC-bundle F Ñ M Ñ N , the fibre could be an F 0 -space (see Subsection 3.1). (In [1] , the authors study such manifolds as total spaces of fibrations.)
We will prove two results with this hypothesis on the fibre. We will show that pΛpvq b ΛpW q, Dq, which is the minimal model of M , is isomorphic to pΛpvq b ΛpW q, 1 b d W q, the minimal model of S 1ˆF , from which the assertion follows.
To this end, write the differential D (following the general form of Example 3.16 or (2)) as Dχ " d W χ`vθpχq , for χ P ΛW , to define θ, a degree-zero derivation of ΛW that satisfies d W θ " θd W and thus passes to cohomology. Since F is an F 0 -space, its minimal model has the form W " xx 1 , . . . , x r y ' xy 1 , . . . , y r y, with d W px i q " 0 and d W py j q P Λpx 1 , . . . , x r q. Furthermore, the cohomology of ΛW is zero in odd degrees. Since each x i is a d W -cycle, and by hypothesis H˚pF ; Qq has no non-trivial degree zero nilpotent derivations, we must have θpx i q " d W pη i q for some η i P ΛW and for each i. So define a map φ : Λpvq b ΛpW q Ñ Λpvq b ΛpW q in the first place on generators as φ " id on tv, y 1 , . . . , y r u, and φpx i q " x i`v η i for each i, and then extending multiplicatively. Clearly φ is an isomorphism of algebras. If we define D 1 " φ´1˝D˝φ, it is easy to check that D 1 makes pΛpvq b ΛpW q, D 1 q a Sullivan (minimal) model and we obtain an isomorphism of minimal models
For each x i , we have
just as before, to obtain θ 1 , a degree-zero derivation of ΛW that satisfies
Notice that we have θ 1 px i q " 0 for each x i . On each y j , we have d W θ 1 py j q " θ 1 d W py j q " 0, since d W py j q P Λpx 1 , . . . , x r q. Since θ 1 py j q is a d W -cycle of odd degree, we must have θ 1 py j q " d W pζ j q for some ζ i P ΛW and for each j. Make a second change of basis as before, using φ 1 " id on tv, x 1 , . . . , x r u, and φ 1 py j q " y j`v ζ j for each j, defining D 2 " pφ 1 q´1˝D 1˝φ1 , and obtaining an isomorphism of minimal models
For each x i , we have D 2 px i q " pφ 1 q´1˝D 1˝φ1 px i q " pφ 1 q´1˝D 1 px i q " 0, and
since d W py j q P Λpx 1 , . . . , x r q and we have φ 1 px i q " x i , hence pφ 1 q´1px i q " x i , for each i. Then the isomorphism
is the desired isomorphism of minimal models.
The well-known Halperin conjecture of rational homotopy (see Problem 1 of [10, §39] ) conjectures that any negative degree derivation of the rational cohomology algebra of an F 0 -space should be zero. We should point out, however, that where the Halperin conjecture has been established for a certain cohomology algebra H, it does not automatically follow that degree-zero derivations also vanish on H.
Proposition 5.10. Suppose that H is a Poincaré duality algebra with a single generator (monogenic) of even degree or two generators of even degree. Then there are no non-trivial degree-zero, nilpotent derivations of H.
Proof. If H is monogenic, e.g. we might have H " H˚pCP n ; Qq with the generator of degree 2, then write the generator as x. Since θ is nilpotent, and H |x| is a rank one vector space, we must have θ " 0 on H |x| . That is, we have θ " 0 on H. Now suppose that H has two even-degree generators x and y, with |x| ď |y|. If |y| is not a multiple of |x|, then H is of rank one in degrees |x| and |y|, and we have θ " 0 for the same reason as in the monogenic case. So suppose that we have |y| " p|x| for some p ě 1. Then the only possibility for a non-zero nilpotent θ is θpxq " 0 and θpyq " λx p , if x p " 0 P H. Now suppose x k is the highest power of x that is non-zero in H (so that we have x k`1 " 0). Note that k ě p. Then, suppose that ℓ ě 0 is the maximum exponent for which x k y ℓ " 0 but x k y ℓ`1 " 0. Then x k y ℓ is a non-zero element of H that annihilates x and y, and hence must be a fundamental class of H (of maximum degree). Now in this maximal nonzero degree, H is a rank-one vector space, and thus θ " 0 in the top degree. In particular, a fundamental class cannot be in the image of θ. However, we have θpx k´1 y ℓ`1 q " λpℓ`1qx k y ℓ , and so we must have λ " 0. That is, we have θ " 0.
So, for instance, if we have F " S 2mˆS2n for any m, n, then Theorem 5.9 and Proposition 5.10 imply that any ANSC-type fibration F i Ñ M p Ñ S 1 is trivial and, in particular the action of the fundamental group on the higher homotopy groups of M is rationally trivial. For more general bases, we have the following. Theorem 5.11. Suppose F is an F 0 -space such that there are no non-trivial degree-zero, nilpotent derivations of H˚pF ; Qq. Then, for an ANSC-type fibration F Ñ M Ñ N , the action of the fundamental group on the higher homotopy groups of M is rationally trivial.
Proof. Theorem 5.9 handles the case in which N " S 1 . But this case is sufficient since, for any element in π 1 pM q that acts non-trivially, we may pull-back the fibration to obtain one over a circle that also would have nontrivial action. From the point of view of models, we may "isolate" any generator in the minimal model of the base by projecting onto it, and then pushing-out to obtain a relative model of some fibration over a circle. Any occurrence of the "isolated" generator in the quadratic part of a differential would be preserved under this move. So it is sufficient to rule out such in the special case of base equal to S 1 .
Notice that it is possible to have a non-zero nilpotent derivation on a cohomology algebra generated in degree 2, so long as we move away from the F 0 -space case.
Example 5.12. Let X " pS 2ˆS2 q#pS 2ˆS2 q. Then H˚pX; Qq may be presented as H˚pX; QqQra, b, α, βs a 2 , b 2 , α 2 , β 2 , aα, aβ, bα, bβ, ab´αβ˘, with a, b, α, β of degree 2. Define θ : H˚pX; Qq Ñ H˚pX; Qq as a linear map on generators by θpaq "´α, θpbq " 0, θpαq " 0, θpβq " b .
When extended as a derivation, this map preserves the ideal generated by the relations (note that we have θpaβq "´αβ`ab) and hence extends as a derivation of the cohomology algebra. It is clearly nilpotent and nontrivial. With more argument, one can see that this example corresponds, up to rational homotopy, to an ANSC-type fibration
in which the action is non-trivial.
The following result was proven in [17] . Theorem 5.13 (Theorem 4.1 [17] ). Suppose CP n´1 Ñ E Ñ B 2n where B 2n is a Poincaré duality space of formal dimension 2n. Then E is formal if and only if B is formal.
Also in [17] , quasi-nilpotent fibrations of the type CP n´1 Ñ E Ñ N 2n were constructed, where N 2n is a 2n-dimensional symplectic nilmanifold. The theorem then showed that E was symplectic, but non-Kähler. We have seen in Corollary 4.7 that if e 0 pM q`b 1 pM q " catpM q, then in the associated ANSC-bundle F Ñ M Ñ N , the nilmanifold N is a torus T b 1 pM q . Since CP n´1 has positive curvature, it could be the fibre in an ANSC-bundle. (For the bundles of Theorem 5.13, we would need to know that the structure group preserves the metric on CP n´1 in order to apply the Fukaya-Yamaguchi condition [13] for ANSC.) We have the following.
Corollary 5.14. Suppose CP n´1 Ñ M Ñ N 2n is an ANSC-bundle. If e 0 pM q`b 1 pM q " catpM q, then:
(1) N is a torus T b 1 pM q ; (2) The action of π 1 pM q on π˚pM q is rationally trivial; (3) M is formal.
Proof. Suppose e 0 pM q`b 1 pM q " catpM q. Then by Corollary 4.7, N " T 2n , a torus. But by Theorem 5.13 this means that M is formal. By Theorem 5.11, the action of π 1 pM q on π˚pM q is rationally trivial.
